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Driving force for a nonequilibrium phase transition in three-dimensional complex
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D. I. Zhukhovitskii∗
Joint Institute of High Temperatures, Russian Academy of Sciences, Izhorskaya 13, Bd. 2, 125412 Moscow, Russia
(Dated: September 21, 2018)
An example of the non-equilibrium phase transition is the formation of lanes when one kind of
particles is driven against the other. According to experimental observation, lane formation in binary
complex plasmas occurs when the smaller particles are driven through the stationary dust cloud of
the larger particles. We calculate the driving force acting on a probe particle that finds itself in a
quiescent cloud of particles in complex plasma of the low-pressure radio frequency discharge under
microgravity conditions. It is shown that the nonzero driving force is a result of the dependence
of the ion mean free path on the particle number density. If this effect is properly included in
the model of similar complex plasmas then one arrives at the driving force that changes its sign
at the point where the probe and the dust particles have equal radii. If the probe is smaller than
the dust particle then the driving force is directed toward the discharge center and vice versa, in
accordance with experiment. Obtained results can serve as the ansatz for future investigation of the
lane formation in complex plasmas.
PACS numbers: 52.27.Lw, 82.70.-y, 05.65.+b
I. INTRODUCTION
Complex plasmas are low-temperature plasmas includ-
ing dust particles, typically in the micrometer range.
These are dusty plasmas, which are specially prepared
to study fundamental processes in the strong coupling
regime on the most fundamental level when the observa-
tion of individual motion of particles and their interac-
tions is possible. Under microgravity conditions realized
either in parabolic flights1–5 or onboard the International
Space Station (ISS),1,6–11 such relatively weak forces as
the ion drag force and the interparticle interactions be-
come important and often determine the motion and
structure formation in complex plasma. Since the mobil-
ity of electrons is much greater than that of ions, particles
acquire a significant negative electric charge. This leads
to formation of a strongly coupled plasma,12–19 in which
large volumes of almost homogeneous three-dimensional
complex plasma can be observed.
This strongly coupled open system can exhibit a num-
ber of nonequilibrium phase transitions. Among them,
one of the most vivid effects is the lane formation when
two kinds of particles are driven against each other. If
the driving forces are strong enough like particles form
“stream lines” and move collectively in lanes, which show
an anisotropic structural order accompanied by a consid-
erable enhancement of the particle mobility. Examples
of this phenomenon include driven bi-layer systems and
two-species lattice gases,20 granular mixtures,21 molec-
ular ions,22 highly populated pedestrian zones,23 and
driven colloidal mixtures.24–31 Lane formation in three-
dimensional complex plasma of a dust cloud in the ra-
dio frequency low-pressure gas discharge was observed in
Refs. 32 and 33.
Lane formation in complex plasmas is a special issue
for two reasons. First, only one species of the dust parti-
cles is driven while the second one is quiescent. Note that
in this case, the only difference between the two species
is the particle radius. Obviously, this peculiarity is not
of principal nature. Second, the driving force is not an
external one but it is a sum of the internal forces acting
on the particle in plasma. In most cases, these forces are
the oppositely directed electric and ion drag forces, which
cannot be directly controlled. Moreover, while, e.g., the
driving force in colloidal mixtures is treated as a preas-
signed parameter, it is not known for complex plasmas.
Thus, calculation of the driving force becomes a separate
problem, which is addressed in this work.
The force acting on an isolated dust particle is well-
known.12 However, this approach is inappropriate for the
strongly coupled dust cloud where the interparticle inter-
actions are quite essential. In the recent studies,34,35 the
electric and ion drag forces are calculated assuming that
the Coulomb potentials of neighboring particles overlap.
This provides an interpretation for the particle number
density in a dust cloud and determines a relationship be-
tween the number densities of all plasma charge carriers
and the particle charge. We will term the force acting on
an individual probe particle of the radius ap that finds
itself in a dust cloud of particles of the radius a the driv-
ing force. Surprisingly, calculation of this force based on
the model of similar complex plasmas (SP)35 results in
the force vanishing.
In this work, we will show that the nonzero driving
force is a net result of the fact that the ion mean free
path with respect to the collisions against neutrals can
be comparable with the interparticle distance, which was
not taken into account in Ref. 35. If we calculate the total
mean free path with due regard for the ion scattering on
the dust particles then the ionization equation of state
(IEOS) is modified so that the driving force does not
vanish. In this way, we derive the modified model of
similar complex plasmas (MSP). The calculation using
MSP shows that if ap > a, the larger subsonic particle
2that we term the probe moves through the dust cloud
along the ion flux toward the outer boundary of a dust
cloud, in correspondence with the experiments. For the
larger supersonic particle, the estimations show that due
to the absence of a spherical cavity around the moving
particle the ion drag force is much weaker than in the
case of a subsonic particle. Hence, the driving force is
not much different from the electric force and the probe
velocity is directed against the ion drag force toward the
discharge center. The developed approach can be used as
an ansatz for development of the theory of lane formation
in complex plasmas.
The paper is organized as follows. In Sec. II, the IEOS
for the stationary dust cloud obtained in our previous
studies is generalized to include the effect of finite ion
mean free path affected by the collisions against dust
particles. In Sec. III, we explore the modified IEOS and
derive the pressure of the dust particle subsystem nec-
essary for the calculation of driving force and check the
effect of IEOS modification on the velocity of dust acous-
tic waves. The driving force is calculated in Sec. IV,
and the resulting larger particle velocity is estimated and
compared with experiments in Sec. V. The results of this
study are summarized in Sec. VI, and the parameters of
a cavity behind the supersonic probe are estimated in the
Appendix A.
II. MODIFIED IONIZATION EQUATION OF
STATE
Consider a stationary dust cloud in the low-pressure
gas discharge. Here and in Sec. III, we imply that the par-
ticles forming a cloud have the same radius. Under mi-
crogravity conditions, a dust particle is subject to three
basic forces, namely, the electric driving force, the ion
drag force arising from scattering of the streaming ions on
dust particles, and the neutral drag force (friction force)
due to collisions of the atoms against the moving par-
ticles. For a stationary cloud, the latter force vanishes.
Note that in a strongly coupled system, the correlation
energy originating from particle ordering results in the
difference between the volume-averaged electric field and
the electric field at the point of particle location. This
effect can be included if we introduce the dust pressure.
The effect of this pressure on the force balance equation
in a stationary plasma is in most cases negligible; how-
ever, it is responsible for propagation of a perturbation.35
The electric field driving force fe and the ion drag force
fid acting on unit volume can be written in the form
fe = −ZendE = −aTe
e
ΦndE, (1)
where Z is the dust particle charge in units of the elec-
tron charge, e is the elementary electric charge, nd is the
particle number density, a is the particle radius, Te is the
electron temperature, Φ = Ze2/aTe is the dimensionless
potential of a dust particle, E = (Te/e)∇ lnne is the
electric field strength, ne is the electron number density,
and
fid =
3
8
(
4pi
3
)1/3
β1/3n
1/3
d niλeE, (2)
where λ is the ion mean free path, ni is the ion num-
ber density, and β is a dimensionless free parameter.
Equation (2) implies that the cross section of momen-
tum transfer from the ions to dust particles is σeff =
(pi/2)β1/3r2d, where rd = (3/4pind)
1/3 is the dust particle
Wigner–Seitz cell radius. The coefficient β depends on
Φ, rd, and the ion temperature Ti (in Refs. 34 and 35, σeff
was estimated using the particle charge screening length
in the Wigner–Seitz cell ≃ 0.45rd that corresponds to
β = 1).
The force balance equation reads fe + fid = 0 or
pi
2
β1/3r2dniλ =
aTe
e2
Φ. (3)
The ion mean free path λ appearing in Eq. (3) is defined
by the collisions both with the gas atoms and with the
dust particles. In contrast to Refs. 34 and 35, we take
this into account and calculate λ as
λ−1 = λ−1a + σeffnd = λ
−1
a
(
1 +
3
8
n
∗1/3
d
)
, (4)
where λa is the ion mean free path with respect to the
collisions against gas atoms (in a gas discharge without
particles) and n∗d = (4pi/3)βndλ
3
a is the dimensionless
particle number density.
The combination of Eqs. (3) and (4) with the equation
for particle potential that follows from the orbital motion
limited (OML) approximation36,37 at Te/Ti ≫ 1
θΦeΦ =
ne
ni
, (5)
where θ =
√
Teme/Timi, me and mi is the electron and
ion mass, respectively, ne is the electron number density
and the local quasineutrality condition
ni =
aTe
e2
Φnd + ne, (6)
yield the modified IEOS
θΦeΦ +
3
8
(
pin˜∗i
2Φ
)1/2
= 1, (7)
where
n˜
∗1/3
i =
n
∗1/3
i
1 +
3
8
(
4pi
3
γn∗i
Φ
)1/3 , (8)
n∗i = βe
2λ3ani/aTe is the dimensionless ion number den-
sity, and γ(Φ) = 1 − θΦeΦ. If we replace n˜∗i by n∗i in
Eq. (7) it would coincide with Eq. (12) in Ref. 35, i.e.,
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FIG. 1. Dimensionless electron number density n∗e from SP
(blue line) and MSP (red line) and the particle potential Φ
from SP (green line) and MSP (magenta line) as a function of
the dimensionless ion number density n∗i for θ = 0.0431. Solid
dots indicate positions of the critical points in SP (circles) and
MSP (squares).
the initial and modified IEOS have the same form. From
Eqs. (7) and (8), the ion number density can be repre-
sented as an explicit function of Φ
n∗i =
128
9pi
Φγ2
(1− γ)3 . (9)
Given Φ or n∗i , one can calculate the particle number
density
n∗d =
4pi
3
γn∗i
Φ
(10)
and the dimensionless electron number density n∗e =
βe2λ3ane/aTe,
n∗e = n
∗
i θΦe
Φ =
2
pi
Φn
∗2/3
d . (11)
Figures 1 and 2 compare the plasma parameters calcu-
lated using Eq. (12) in Ref. 35 (SP) and Eq. (9) (MSP). It
is seen that at low number densities of the charged com-
ponents, the calculation results almost coincide, while
the maximum n∗i that satisfies the modified IEOS (9) is
significantly greater. The same is true for n∗e and n
∗
d.
A remarkable difference is observed between the critical
points in SP and MSP (Fig. 1). By definition, at the crit-
ical point, n∗i reaches maximum and the cloud is stable,
dp∗/dn∗d > 0, where p
∗ is the dimensionless pressure (see
Sec. III). For SP, dn∗i /dn
∗
e = dn
∗
i /dΦ = 0 at the criti-
cal point while for MSP, these derivatives do not vanish.
The critical n∗i is much greater for MSP than for SP. Ob-
viously, such number densities are not realistic because
the rate of ion-electron recombination on the particle sur-
face would be too high to sustain the discharge. At the
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FIG. 2. Dimensionless particle number density n∗d from SP
(blue line) and MSP (red line) and the squared sound velocity
c2s from SP (green line) and MSP (magenta line) as a function
of the dimensionless ion number density n∗i , θ = 0.0431.
same time, in contrast to SP,34 MSP does account for
high particle number densities in the vicinity of the void
boundary. Recall that the void is the dust particle free
region in the center of the discharge.12
III. DUST PARTICLE PRESSURE AND THE
SOUND VELOCITY
The dust particle pressure is defined as34
p =
Z2e2
8pir4d
. (12)
One can introduce the dimensionless pressure
p∗ =
8pie2λ4aβ
4/3
a2T 2e
p = Φ2n
∗4/3
d . (13)
The dependence p∗(n∗d) is shown in Fig. 3. As is seen,
for this quantity, the difference between SP and MSP is
insignificant.
The IEOS for the variables n∗d, Φ follows straightfor-
wardly from (9) and (10)
n
∗1/3
d =
8γ
3(1− γ) . (14)
We introduce the dimensionless velocity of dust acoustic
waves (sound velocity)
c∗s =
cse(6Mdλa)
1/2β1/6
aTe
, (15)
where cs is the sound velocity and Md is the mass of a
dust particle. Since c2s = M
−1
d (dp/dnd), we obtain from
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FIG. 3. Dimensionless dust particle pressure p∗ from SP (blue
line) and MSP (red line) and the squared sound velocity c2s
from SP (green line) and MSP (magenta line) as a function
of the dimensionless particle number density n∗d, θ = 0.0431.
Eqs. (13)–(15)
c∗2s =
dp∗
dn∗d
=
4
3
Φ2n
∗1/3
d
[
1− γ
2(1 + Φ)
]
. (16)
Eq. (16) differs from corresponding Eq. (35) in Ref. 35.
Although according to the modified IEOS (9) the dust
pressure is sensitive to n∗d, the sound velocity is not much
different from that obtained in Ref. 35 (Figs. 2 and 3)
and, therefore, from the experimental results. Likewise,
it is almost independent on ni and ne, i.e., on the posi-
tion in the dust cloud. In contrast to Ref. 35, where the
calculated cs vanishes at the critical point, such behav-
ior extends to considerably higher n∗d, so that this range
covers the particle number densities typical for the void
boundary. The fact that the number density variation
has almost no effect on the sound velocity has been con-
firmed experimentally (see references in Ref. 35).
IV. CALCULATION OF THE DRIVING FORCE
In this Section, we will treat a probe particle with the
radius ap in the cloud of particles with the radius a. Such
particles can appear in the discharge sporadically or they
can be injected in plasma purposely. Our objective will
be the calculation of the sum of the ion drag and electric
force acting on this probe particle, which is the driving
force. We will term the Wigner–Seitz cell of a probe
“cavity.” If Rp ≫ a, the cavity is the dust particle free
region around a probe. The particles are displaced from
the cavity due to the Coulomb repulsion between the
probe and particles rather than to the ion drag force as
in the case of the void. The radius of a cavity around
the probe Rp is obtained from the minimization of the
work of its formation (4pi/3)pR3p + Z
2
pe
2/2Rp, where Zp
is the charge of a probe particle in units of the electron
charge,34
R2p =
Zpe√
8pip
=
ap
a
λ2aβ
2/3
n
∗2/3
d
, (17)
and we used (13). It is remarkable that the cavity radius
as a function of the dimensional particle number density
Rp = rd
√
ap
a
(18)
is independent of β.
We will assume that at the boundary of a cavity around
the probe particle, the electron and ion number densi-
ties coincide with ne and ni, respectively, i.e., the po-
tentials of dust and probe particles coincide. Hence, Φ =
Zpe
2/apTe. If we define the direction of a coordinate axis
Y apart from the void center as a positive direction then
the electric force acting on the probe is Fep = apTeΦE/e,
where E = (Te/e)(d lnne/dy), y is the coordinate, and
the ion drag force is Fip = −(pi/2)β1/3R2pniλpeE, where
λp =
λa
1 +
3
8
λa
Rp
=
λa
1 +
γ
1− γ
√
a
ap
(19)
is the ion mean free path in a cloud with the particle
number density (3/4pi)R−3p , and we used (18). With
due regard for (10), the ratio of the absolute values
κ = −Fep/Fip is given by the following equation,
κ = 1 +
(√
a
ap
− 1
)
γ. (20)
It is noteworthy that κ is independent of β. Thus, the
sought driving force Fdrv = Fep + Fip is
Fdrv =
apΦT
2
e
e2
(
1− 1
κ
)
d lnne
dy
. (21)
If |ap − a| /ap ≪ 1 then (21) is reduced to
Fdrv =
γΦT 2e (a− ap)
2e2
d lnne
dy
. (22)
One can substitute d lnne/dy in (21) and (22) by
d lnnd/dy using (11). Since
dn∗e
dn∗d
=
4Φ
3pin
∗1/3
d
− Φ(1− γ)
4pi(1 + Φ)
, (23)
we obtain
d lnne
dy
=
[
2
3
− n
∗1/3
d (1 − γ)
8(1 + Φ)
]
d lnnd
dy
. (24)
5It follows from (20)–(22) that at ap = a, Fdrv = 0, i.e.,
a homogeneous cloud is stationary, as it must. For ap >
a, κ < 1 and Fdrv > 0 if d lnne/dy < 0. Thus, a large
subsonic probe moves from the void center toward the
outer boundary of a cloud. Such conditions are typical
for the experiment,38 where an outward motion of a large
probe particle was registered. On the contrary, for ap <
a, κ > 1 and Fdrv < 0, i.e., a small subsonic probe must
move toward the void center. This effect was observed
experimentally in Refs. 32 and 33.
Thus, the driving force acting on a probe particle orig-
inates from the dependence of the ion mean free path on
the particle number density (4). Disregarding this depen-
dence vanishes Fdrv. In fact, λ → λa if nd → 0, which
means that ne → ni. According to (5) in this case, γ → 0
and Fdrv → 0 as it follows from (20) and (21). The result
Fdrv ≡ 0 can be directly obtained using IEOS Eq. (12)
in Ref. 35, which is a limit case of Eqs. (7) and (8) for
γ ≪ 1.
V. VELOCITY OF THE PROBE MOTION
The Newtonian equation that governs the probe mo-
tion is
u˙+ νpu =
Fdrv
Mp
, (25)
where u is the probe velocity, and
νp =
8
√
2pi
3
δmnnnvTa
2
p
Mp
(
1 +
1
2
√
a
ap
)
(26)
is the friction coefficient for a probe, δ ≃ 1.44 is the
accommodation coefficient;39 mn is the mass of a gas
molecule; nn and vT = (Tn/mn)
1/2 are the number
density and thermal velocity of the gas molecules, re-
spectively, Tn = 300 K is the temperature of a gas;
Mp = (4pi/3)ρpa
3
p and ρp are the probe particle mass
and its material density, respectively. Equation (26) al-
lows for the enhancement of neutral drag force due to the
dissipation in the fluid of dust particles surrounding the
probe. It was shown in Ref. 40 that this effect leads to
an additional factor 1 + (Rp/rd)
3(a/ap)
2 in the expres-
sion for νp. With due regard for Eq. (18), we can rewrite
this factor in the form that appears in (26). Note that if
ap < a, Eq. (26) is invalid and it can only be regarded
as an extrapolation. Since an appropriate estimation of
the friction force for this case is absent, we will use (26)
to plot Fig. 4. However, it is noteworthy that the effect
of scattering of a smaller probe on larger particles form-
ing the cloud can be more pronounced than the neutral
drag—the probe drifts in strong fields of neighboring dust
particles. Qualitatively, this is taken into account in (26).
The sustained probe velocity us = Fdrv/νpMp calcu-
lated using Eqs. (20), (21), (24), and (26) is shown in
Fig. 4 for two dust particle radii. For this estimation, we
10-4 10-32 3 4 5 6 7 8 9 2 3
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FIG. 4. Probe velocity as a function of its radius under con-
ditions of the experiment38,41 for a = 1.275 × 10−4 (red line)
and 1.71 × 10−4 cm (blue line). Red dot indicates the probe
velocity from the experiment.38,41
used the dust particle number density profiles determined
recently for the foot region of the dust clouds.42 For these
profiles, lnnd/dy ≈ −1.65 cm−1 for a = 1.275× 10−4 cm
and lnnd/dy ≈ −1.87 cm−1 for a = 1.71 × 10−4 cm
(processing these data assumed that β = 1), see Figs. 5
and 6 of Ref. 42, respectively. The electron tempera-
ture amounts to 3.5 eV. As ap is increased, the probe
velocity changes its sign at ap = a. It can be readily
deduced from (21) and (26) that us ∝ 1/ap at ap → ∞.
Hence, us(ap) has a maximum whose location depends on
a (Fig. 4). In the experiment,38,41 the probe radius was
assumed to be ap = 7.5×10−4 cm and its velocity reached
1.4 cm/s, which is of the same order of magnitude as in
Fig. 4 (us ≃ 3.0 cm/s). Note that the radius of a probe
particle could be underestimated in Ref. 38. Thus, at
ap = 2.0 × 10−3 cm, us ≃ 1.77 cm/s. Note that for this
probe radius, the velocity relaxation time ν−1p ≃ 0.3 s is
close to the total time of probe motion in a dust cloud
(0.4 s), during which the sustained velocity cannot be at-
tained, i.e., the effect of inertia can be essential. The dif-
ference between the theoretical estimate and experiment
may also arise from a significant error of Eq. (2) at high
ion drift velocity comparable with their thermal velocity,
which is characteristic of experiment.41 Another source
of error could be the neglect of the mechanisms of parti-
cle charging other than the OML approximation such as
the ion-neutral collisions.43,44 It was demonstrated that
neglect of the collision effect overestimates somewhat the
particle charge but this effect is small at the gas pressure
less than 30 Pa and Znd/ne > 1. Such conditions are
typical for the experiments treated in this work. Note
that since both SP and MSP neglect the dependence of
σeff on the ion energy, inclusion of the ion-particle col-
lisions in the calculation of the ion mean free path does
6FIG. 5. Sketch showing a subsonic projectile (large bullet
point) moving with the velocity u along the X-axis in a par-
ticle fluid (small bullet points around), with a neutral gas as
a still background. The solid line indicates the boundary of a
cavity and dashed line, the Mach cone that is the surface of
particle number density perturbation.
not change the particle charge. Hence, the allowance for
the effect of ion-neutral collisions would lead to an in-
significant change of the results.
The discussion above implied that a probe is sub-
sonic and a spherical cavity is formed around it as it
moves through the dust cloud. In contrast, for a su-
personic probe, a cavity is formed behind rather than
around the probe, as it is illustrated with Fig. 5 (see,
e.g., Ref. 11). Parameters of such cavity are discussed
in the Appendix A. For a very crude estimation, one can
assume that in the case of a large probe (ap ≫ a), the ion-
probe collision cross section is limited by that for a dust
particle. Then Fdrv ≃ (Zp − Z)eE ≃ ZpTe(d lnne/dy)
almost coincides with the electric force. Since typically
d lnne/dy < 0, a supersonic probe is driven toward the
discharge center, i.e., in the opposite direction as com-
pared to a subsonic probe. This effect was observed in
experiment,11 where the probe velocity varied from 8 to
3.7 cm/s.
VI. CONCLUSION
In this work, we have calculated the sum of the ion
drag force and the electric force (driving force) acting on
a probe particle that finds itself in a dust cloud formed by
the particles of the radius different from that of a probe
in complex plasma of the low-pressure radio frequency
discharge under microgravity conditions. We have mod-
ified our approach developed recently to include the ef-
fect of the ion collisions against the particles forming the
cloud. This effect results in shortening the ion mean free
path and, consequently, in the decrease of the moment
transfer from the ions to the dust particles, i.e., to the
decrease of the ion drag force. However, we have shown
that the modified IEOS can be written in the form pro-
posed in the early study.35 At the same time, the modified
IEOS extends the range of plasma parameters consider-
ably. Thus, it shifts the IEOS critical point toward much
higher number densities of the ions, electrons, and par-
ticles. Fortunately, the velocity of dust acoustic waves
calculated with the modified IEOS has a minor difference
from that calculated with the initial version of IEOS and
therefore, it still matches the experimental data.
In contrast to our early model (SP), in which the driv-
ing force vanishes, the modified model (MSP) yields a
nonzero force, whose direction is uniquely defined by the
ratio between the radius of the probe and of the dust
particle. Namely, if the probe is smaller than a dust
particle then the probe moves toward the discharge cen-
ter against the ion flux, and the large probe moves in
the same direction as the ions. Hence, obtained results
provide an interpretation for the regularities observed in
experiments where subsonic probes were studied. Esti-
mation of the probe typical velocity leads to a reason-
able correspondence with available experimental data.
The developed model and the driving force calculated
on its basis can serve as the ansatz for future investi-
gation of such nonequilibrium phase transition in three-
dimensional complex plasmas as the lane formation.
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Appendix A: PARAMETERS OF A CAVITY
BEHIND THE SUPERSONIC PROBE
We will estimate the maximum cavity width and the
length of a cavity behind a supersonic probe moving with
the velocity u. If u ≫ cs then the Mach cone with
contact discontinuity at its surface is realized (Fig. 5).
If the probe is large, Md ≪ Mp, the velocity mod-
ulus of the dust particle scattered on the probe pre-
serves. In this case, the transversal velocity compo-
nent of the scattered dust particle is u⊥ = u sinα =
u/M = cs, where α is the Mach angle and M = u/cs
is the Mach number. The expansion time is 1/ν, where
ν = (8
√
2pi/3)(δmnnnvT a
2/Md) is the friction coefficient
for a dust particle. Hence, the transversal dust particle
displacement that coincides with the maximum cavity
width is ρ = cs/ν. The Mach cone expansion length is
then le = ρ/ tanα ≃ ρM = u/ν.
Closing of the cavity is defined by the particle num-
ber density relaxation. Equation (30) in Ref. 35 is ap-
propriate for the evolution of a density perturbation in
complex plasmas. For a low-frequency perturbation, the
overdamped regime takes place, and this equation as-
7sumes the form
∂ψ
∂t
=
c2s
ν
∆ψ, (A1)
where v = ∇ψ is the local dust particle velocity. It fol-
lows from (A1) that the closing time and the correspond-
ing closing length are τc = νρ
2/c2s and lc = νMρ
2/cs,
respectively. The total cavity length l = le + lc is then
l = 2ρM =
2u
ν
. (A2)
Note that within the accuracy of these estimates, le
proves to be equal to lc. Since the damping frequency
of dust acoustic waves is ν/2,35 the length of Mach cone
axis, 2u/ν, must coincide with the total cavity length
(A2).
Due to a strong decrease of the Coulomb momen-
tum transfer cross section, an ultrafast probe can move
through a dust cloud almost without perturbation of the
cloud, i.e., without a cavity behind it. The threshold
velocity of a probe can be estimated if we assume that
the transversal particle displacement is equal to rd/2.
Obviously, the typical impact parameter is the same,
ρ0 ≃ rd/2. For the transversal direction, the dust particle
equation of motion has the form
z¨ + νz˙ =
aapΦ
2T 2e
Mde2
1
ut+ ρ20
. (A3)
At the first stage, the particle gains momentum from a
probe, |z¨| ≫ ν |z˙|, and its displacement is small. At
the second stage, the particle is decelerated due to the
neutral drag, z¨ + νz˙ ≃ 0. Calculation of the transversal
displacement makes it possible to obtain the estimate for
threshold velocity
uth =
8aapΦ
2T 2e
νMde2r2d
. (A4)
For u > uth, the cavity does not open.
We will estimate the calculated parameters of a cavity
behind a supersonic probe for the experiment,2 where
a = 4.775 × 10−4 cm, Md = 6.89 × 10−10 g, rd =
2.29 × 10−2 cm, Te = 4.5 eV, Φ = 1.8, cs = 2.0 cm/s,
ν = 33.5 s−1, ap = 10
−3 cm, and u = 13.2 cm/s
(M = 6.6). Under these conditions, we obtain the max-
imum cavity width ρ ≃ 0.06 cm, its expansion veloc-
ity u⊥ = 2.0 cm/s, and its total length l ≃ 0.79 cm
(Eq. (A2)). The experimental parameters are 0.05 cm,
2.1 cm/s, and 1.1 cm, respectively. One can testify a
satisfactory correspondence between these estimates and
the experiment. From (A4), we obtain the threshold ve-
locity uth = 232 cm/s, which also correlates with the
experimental assessment (uth = 158 cm/s). Consider the
experiment,11 for which ν = 49 s−1, cs = 2.8 cm/s, and
u = 6 cm/s. Our estimations yield ρ ≃ 0.057 cm and
l ≃ 0.25 cm vs. 0.045 cm and 0.31 cm from the experi-
ment.
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